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SUMMARY

The response of an electronic system to the photons emitted by a radioactive source (noise source) is exponential.
Some statistical properties of the system output current are investigated for Poisson-distributed decay. It is found
that the power spectral density for the noise is approximately proportional to the reciprocal of the frequency square
(@?). Due to the monotonic, decreasing nature of the noise power spectrum, it is found that the higher the signal fre-
quency, the larger is the signal-to-noise ratio for such a system.

1. Introduction

The concept of shot noise in electronic systems is quite well known and its properties have
been studied by several authors ([ i-3,6]). In this paper a similar concepi for ihe radioactive
decay response to an electronic system is considered and, under certain assumptions, some of
the statistical properties of the system output current are investigated.

We consider a radioactive source (noise source) with the following amplitude function:

a(t) = %(I +a sin wot), (1)

where C is the peak-to-peak amplitude of the noise, o is a constant and w, is the frequency.
Weassume that the system response to a photon emitted from the noise source is the following
exponential function:

i(0) = Lo exp (/). &)
where

i(t) = output current of the system caused by the photon r seconds after its arrival,
I, = constant,
T = time constant of the decay.

We further assume that the radioactive decay is subject to Poisson distribution. In the real
world such an electronic system can be applied to a semiconductor device, for example. In a
semiconductor device, if the radioactive source has sufficient energy, then ionization takes
place in the device so that hole-electron pairs will be generated. After the removal of radiation
it is found, experimentally, that the carrier concentration decays exponentially with a constant
lifetime T. The lifetime T is composed of the surface recombination time T and the volume
recombination time T;. These are well known as generation and recombination process ([5]).

It is of utmost importance to obtain the maximum signal-to-noise ratio in the electronic
system. Consequently, to understand the behavior of the noise and to describe it mathematically
is the essential step for optimizing the performance of the electronic system. It is evident that the
signal-to-noise ratio can be derived from their respective power density spectra. However the
power spectral density of the noise at the output of an electronic system may be determined
from the output auto-correlation function. In this paper we investigate the auto-correlation
function, the power density spectrum, and the characteristic function of the output current of
the system.
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2. System Qutput Current

Let
i(t, ) =Ty exp[—(t—t)/T] (3)

be the magnitude of the current generated in the system due to a photon, when exposed to a
unit amplitude, and t, be the time of emission of a photon. Then the system output current
I(t) at time ¢ is given by

I(t) = Zk:a(tk)i(t, 1) 4

where a(t) is given by Eq. (1).
From Egs. (1) and (4) it follows that

I(t) = ; (CI/2)(1 4o sin wgty) exp[—(t—t)/T] - %)

There are an infinite number of terms in the series (5). From a computational point of view, it
is easier to consider a corresponding finite sum. We thus concentrate upon a large but finite
interval (— T* < t < T*), and define an event A, such that exactly n photons are emitted in this
time interval, i.e.,

—Tr*<t,<T*, for k=1,2,..,n. (6)

We further assume that the emission outside the above interval is negligible. In fact, what we
arestatingis thatall t, are independently and uniformly distributed over the interval (— T*, T*).
Now (5) can be written as:

- 3 flen). 0
where

St ) =(CIo/2)(1 +a sin woty) exp [ —(1—1,)/T] . (8)

We now discuss the statistical properties of the output current I(t) given in Eq. (7). In that
respect, we first compute the (auto) correlation function, which is a rough measure of the
dependence of values of the output separated by a fixed time interval.

3. The Correlatien Function of I(t):

The correlation function of 1(t) is given by

Bules ) = E[1E)1 6] = £ PANELIE)I55)A,]

= ZOP(An) —Zl Zl E[f(rh tr)f(‘L-Z’ ts)IAn] ‘ (9)
We know that the radioactive decay is poisson-distributed. If the mean rate of emission of the
photons is A, then
(2AT*)

P(4,) = - exp (—2AT*). (10)

Now from (9) we note that in the double sum

S5 ELffen ) (e 1)14,] (1)

r=1 s=1

the terms for which r and s are different, the random variables f(z4, ¢,) and f(z,, t,) are in-

Journal of Engineering Math., Vol. 5 (1971) 249-255



Statistical properties of the noise output current 251

dependent. Therefore,
E[f(fl, tr)f(TZ’ ts)|An] = E[f("'-l’ tr)|An] E [f(TZ’ tr)| An]

1 T* T
= (ZTT)Z { " J Sl t)f(ty t)dt dt, r# s

—T*

= (CIo/AT*)? exp [~ (z, +7.)/T]
X K JT*(I +o sin wot,((1 +o sin wot,) exp [ (¢, +1,)/ T]dt, dt, (12)

which equals A, say.
However, for r=s we have

E[f(ts, t,)f(t2, t)] Au] = (3 T*)CI/2) exp [ —(t;+7,)/T]

T*
X j (1 +o sin wy1)* exp(2t/T)dr, (13)
—T
which equals B, say.

Since in the double sum (11) there are (n* —n) terms of the type A and n terms of the type B,
so we have from (9),

Gulrs. t2) = 3 PUAN[(r2—n) A +nB] (14)
n=0
Now from (10) and (14) we get
Z ATy rr 2 5
Dy(ty, 15) = ) 7 exp(=24T*)[(n* —n)A +nB] = QAT*)* A +QAT*)B.  (15)

n=0
From (12) it follows that

2 T1 T2
A= (fj{i) exp(—(ty +12)/T)J J (1 +a sin wyt,)(1 +o sin wy )

exp e, +t.)/ T]de,de,

= <4C]I“?F> ’ exp(—(t, +1,)/T) ﬁ—[ rjoo(l +o sin wyt;)exp(t;/T)dr;

CIO>2 2 [ sina)or-—a)oTcosa)Or}

— (=L +)T) ] T T) . !

<4T* exp(—(t; +1,)/ U exp(t;/T) | FiT?
CIOT)2 2 sin Wy 1;—wo T cos w,yT;

= 1+ ] AP 16
<4T* Lt 1 +03T? (16)

From (13) it can be seen that

B = (C_2I9>2 2;* exp(—(t, +12)/T)Jm (1 +o sin wy1)? exp(27/T)d

—
where m=min (t;, 7,). The algebraic simplification of this expression gives:

CI\* T 2 sin wom—wq T cos wom
b= <‘“2') o= P (= ln=l/T) [% +2“< 4+wiT?

g2 w3 T? +2 sin? wom—w, T sin 2w, mj
* 41 +w3T?) ‘ (17)

Substituting A4 and B from (16) and (17) in (15), we get
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2 SIN Wy T;— Wo T COS Wy T;
Dy (74, 12) = AT(CI,/2) [ n ( 0 i+w()2T2 07
0

sin wom—w, T cos w0m>

2
+exp(—lr1——12|/T{ +2a< Tl T

o w3 T? +2 sin? womz— a2)0 Tsin 2w0m} (18)
4(1 +w§ T?)
4. The Power Density Spectrum of I(¢)

We now find the spectral density of the output current I(t) by taking the Fourier transform of
the auto-correlation function. The spectral density of I(¢) is,

1™ —iwt
Sul) = | a0, (19)
1 ("
®,(r) = Lim 5T *S Dy (t, t +r)de . (20)
T*>

From (18) we get, after substituting t,=¢ and 7,=t +1,

o . .
Dy (1, t +7)= (ATCI/2)? [l + Tl T {sm Wt +sin wy(t +1)

— o T(cos Wyt +cos wy(t +7))

2

<ﬁ?§/ {(sinwot—wo Tcos wyt)(sin wg (t +7)— we Tcos wy(t +7)}
— T
+ EQ(QT?"_'/«) {1 +da (2 sin wogm—w, T cos wom)/(4 +w§ TZ)
, (03 T2 +2 sin? wom—w, Tsin 2wom>} o1
* 2(1 +iT? ’

where m = min(t, t +7) . From (20) and (21) it follows that
B , o« a2
@y (1) = (ATCI,/2) [1 +B, <———1 o T2> +B, <——1 o T2>

s () B | @

where

D T S .
B, = Lim 7% S [sin wo T+ sin @y (t+7)— wo T(cos wot+cos wy (t+ 1)) ] dt =
T*—> 00 —T*

T*
B, = Lim j (sin wot —wo T cos wot)(sin we(t +7)—wg T cos wy (t +1))dt

T*= o0 2T*

. 1 (™
= II":EH 57 S_ [(1 +@3T?) cos wyt—(1 —wF T?)cos wy (2t +1)
. ac 22
—2wo T'sin @y (2t +1)] 3= (1 +§T?)cos wert ;
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. I .
B; = Lim —— S (2 sin wom—wy T cos wom)dt =0 ;
T*= o 2T* —T*

B, = Lim

T*— o0 -T*

1 ™
T J (03 T? +2 sin? wom—w, T'sin 2w)dt = (1 +fT?).

Now substituting these values of B;, B,, B; and B, in (22) we get

_ ) o COS Wy T o? exp(—[r[/T)]
Oy () = (1TCIL,/2) [1 + e + (1 + 7) 2| (23)

From (19) and (23) we have

K (o) o0
Sp(w) = - l] exp(—iwt)dt + ——O(TTT)J co8 o T exp (—iwt)dt

w 2(1 +wj cw
a2 [ .
T J_wexp(—lrl/T) exp(—lwr)dr:| , (24)
where
K = (ATCI,/2)*
After integration, this expression reduces to
K oL w?+2 T
B d(w—we) +d(w +a)o)> a® +2 < LY
=k [25(“’) +°‘< 2(1 +w3T?) T\ 4?1 | (23)

where 6( ) is the delta function.

From (25) it is clear that the power density spectrum s;(w) of the noise output current I(¢) is
approximately inversely proportional to the frequency *. For four different values of « the
spectral density Sy (w) is plotted as a function of w in Fig. 1. It is interesting to note that the

"o 0 wo FREQ

Figure 1. Power density spectrum for noise. Vertical axis: Sy(w).

power density spectrum for the noise is monotonically decreasing. Furthermore, it is evident
that the power density at any frequency w has the second-order effect of the value of a as
compared with the first-order effect for the noise amplitude function,

C
a(t) = 3(1 +o sin wgt) .
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It 15 to be noted that the three delta functions in the power density spectrum for fixed « are
due to the constant and the sine term alone.

If the frequency w, of the noise amplitude function'is zero or the noise amplitude is constant,
then Eq. (25) takes the following form

sufo) =K [le+29000)+ (572) L.

5. The Characteristic Function of I(t):

The characteristic function y (u) of the output current I(z) is,

f

E[exp(iul(t i A,)E[exp(iul(t)|A,]

n=0

nioP(A,,)E[exp i ift tk> }

Y (u)

= Z P(A,){E[exp(iuf(t, ;)| A, ]}" - (26)

n=0

We have already hypothesized that the random variables ¢, are independently and uniformly
distributed over the interval (— T*, T*).
Therefore,

Blex (/6 ) A = yo | expliurc )t

= 1 +2;* ff* [exp(iuf(t, t;))—1]dty, =1 + 8, o)
where
B = 2;* J[exp(iuf(t, 1))—1]dt = j § (mft ‘L‘) i
1
B 2T* n=1 —n! (28)

Now combining (26) and (27), we have
Z P{4,)(1+p)

Substituting P(A,) from Eq. (10} in this expression, we get

) = i (2AT*(1 +p)}"

i exp(—2AT*)=exp(2ABT*). (29)

From (28) and (29), we have
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Now from this expression the expected output current and other higher moments of I{r) can
be computed using standard techniques.

6. Summary and Conclusions

In this paper we have studied the statistical properties of the output current for an electronic
system having an exponential response from a radioactive source (noise source). The radio-
active decay was assumed to be Poisson-distributed. It was found that the power spectral
density for the noise is inversely proportional to the square of the frequency (w?). The higher
the signal frequency, the larger is the signal to noise ratio for this system.

If. instead of (1). the noise amplitude function a(t) has a different form, then one can obtain
the power spectral density and the characteristic function by methods similar to those employed
in this report. If the power spectral density is not a monotonic decreasing function of the
frequency w, then the maximum signal-to-noise ratio can be obtained by the standard approach

([41)-
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